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Abstract Three sources of errors in the extended dynamic plane source (EDPS)
method caused by the discrepancy between experiment and model are analyzed. The
source effect is eliminated by introducing the nuisance parameter R0 and the surface
effect by a surrounding vacuum. The original model assumes a constant heating power
but a constant current is used in the experiment. Suppression of this effect leads to a new
solution of the heat equation designated as the constant-current model. The measure-
ments on polymethylmetacrylate (PMMA) in vacuum, evaluated by the constant-cur-
rent model, provided results of λ = 0.191 W·m−1·K−1 and a = 0.118×10−6 m2·s−1,
which are in good agreement with published values. The total standard uncertainty
was estimated as 1.5 % for both thermophysical properties.

Keywords Constant-current model · Difference analysis · Polymethylmetacrylate ·
Thermal conductivity · Thermal diffusivity · Transient method

1 Introduction

Dynamic methods [1] for measurements of thermophysical properties can be divided
into contact (transient) and non-contact (flash) methods. The former are based on
generation of a dynamic temperature field inside the specimen. This experimen-
tal arrangement suppresses the sample surface influence on the measuring process.
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Department of Physics, Constantine the Philosopher University, Trieda Andreja Hlinku 1, 94974 Nitra,
Slovak Republic
e-mail: smalinaric@ukf.sk

P. Dieška
Department of Physics, Faculty of Electrical Engineering and Informatics, Slovak University
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Transient methods use both a two-probe system (heat source and thermometer are
separated) and one-probe system (heat source and thermometer are the same).

The dynamic plane source (DPS) method [2] is arranged for one-dimensional heat
flow into a finite sample. The rear sides of the samples are in contact with a poor
thermal conducting material so that the temperature developed in the sample is close
to adiabatic. This method appears to be useful for simultaneous determination of the
thermal conductivity and thermal diffusivity in metals.

The extended dynamic plane source (EDPS) method [3] is a modification of the
DPS method for materials with a thermal conductivity λ < 2 W · m−1 · K−1. The
heat source, which simultaneously serves as the thermometer, is placed between two
identical specimens. The heat sink, made of a very good thermal conducting material,
provides isothermal boundary conditions for the experiment. Heat is produced by the
passage of an electrical current in the form of a stepwise function with time through
the planar electrical resistance—heat source. The thermal conductivity λ and thermal
diffusivity a of the specimen can be calculated from the temperature response.

A theoretical model of the experiment is described by the heat equation. The tem-
perature function is a solution of this equation with boundary and initial conditions
corresponding to the experimental arrangement. The principle of the method consists
of fitting the temperature function to the experimental points (temperature response).

The measurement error consists of the following components:

1. Ideal model errors are caused by deviations of the experimental arrangement from
the theoretical model.
(a) Source effect—the model assumes a homogenous heat source with negligible

heat capacity and ideal thermal contact with a specimen.
(b) Surface effect—the model assumes no heat losses from the lateral sides of

the specimen and heat source.
(c) Current effect—the model also assumes a constant power, but in the experi-

ment, a constant current is used.
2. Random errors are caused by electronic noise, fitting procedure, variation in tem-

perature, apparatus assembly, and other unknown variations in the timescale of
measurement. The associated uncertainty can be determined based on the mea-
surement repeatability.

3. Measurement errors are caused by input parameter measurements. Their associ-
ated uncertainties are combined according to the rules defined by GUM [4].

The aim of this work is to analyze the ideal model errors and improve the EDPS
method.

2 Constant-Power Model

The original model presented by Karawacki [2,3] applied the following conditions:

(i) The heat flow is one-dimensional, and the heat source and specimens are infinite,
parallel slabs.

(ii) The heat source is homogenous with negligible thickness and heat capacity.
(iii) There is no thermal resistance between the heat source and specimen.
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Fig. 1 Setup of the EDPS experiment

(iv) The heat sink is semi-infinite with known thermal properties.
(v) There is ideal thermal contact between the specimen and heat sink.

(vi) The input heat power is constant.

In order to eliminate the source effect, we changed the 3rd condition in the model
to:

(iii) There is a constant contact thermal resistance between the heat source and
specimen.

The experimental arrangement of the EDPS method is shown in Fig. 1. Before the
start of the experiment, the temperature of the specimen, heat source, and heat sink
is stabilized and is equal to T0. A short time �h after the start, a steady state at the
boundary between the heat source and specimen is reached and Newton’s cooling law
can be written as [5]

q = h(Th − T |x=0), (1)

where q is the heat current density, h is the heat transfer coefficient, and Th is the tem-
perature increase of the heat source. The temperature difference is caused not only by
the thermal contact between the specimen and heat source but also by its meander-like
shape.

Then the temperature of the heat source can be expressed as

TH (t) = T0 + Th (t) = T0 + q

h
+ T |x=0 , (2)

and the temperature increase of the specimen in the plane for x = 0 (temperature
function) is given by [3]

T |x=0 = F(t, a)

λ
, (3)
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where

F(t, a) = q
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l is the thickness of the specimen and ierfc is the error function integral [6]. Parameter
β describes the heat sink imperfection and is given by
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(
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√
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)
(5)

where λs is the thermal conductivity and as is the thermal diffusivity of the heat sink.
The heat source temperature can be converted to resistance by the following formula:

R = R0 (1 + αT ) , (6)

where R0 is the resistance at temperature T = 0 and α is the temperature coefficient
of the heat source resistivity. Then the predicted values of the heat source resistance
can be determined using Eqs. 3 and 6 as

r (t) = R0

(
1 + α

λ
F (t, a)

)
. (7)

Two thermophysical parameters λ and a and one nuisance parameter R0 should be
iterated until the sum of (r(ti ) − ri )

2 reaches its minimum, where [ti , ri ] are measured
points. The sensitivity coefficients were analyzed in [7,8]. The Levenberg–Marquardt
method [9] was used for sum-of-squares minimization.

Equation 2 is valid only for t > �h, which denotes the characteristic time of the
heat source. The unknown value �h can be determined using “difference analysis”
[7,8] which is based on fitting in the time interval (tB, tB + tS). When tB is successively
increased while tS is constant, the results of fitting λ and a can be plotted against tB.
We assume that the time interval is optimal when the results of fitting are not sensitive
to changes of the interval, which causes the plots to have a plateau. So �h will be
estimated as the time at the beginning of the plateau.

3 Constant-Current Model

In order to eliminate the current effect, we define a new model, changing the 6th
condition:

(vi) The time dependence of the heat power is known from the experiment.

The one-dimensional heat equations are

1

a

∂T

∂t
= ∂2T

∂x2 0 < x < l, (8)

1

as

∂T

∂t
= ∂2T

∂x2 l < x, (9)
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where T is the increase of the specimen temperature, so the initial condition is

T |t=0 = 0. (10)

The boundary conditions are

T |x→∞ = 0, (11)

T |x=l− = T |x=l+ , (12)

−λ
∂T

∂x

∣∣∣∣
x=l−

= −λs
∂T

∂x

∣∣∣∣
x=l+

, (13)

−λ
∂T

∂x

∣∣∣∣
x=0

= h (Th − T |x=0) , (14)

and the heat balance equation for the heat source is given by Eq. 1. Applying the
Laplace transform [6], the increase of the heat source temperature will be given as the
convolution,

Th (t) =
∫ t

0
q (t − τ) TDir (τ ) dτ (15)

where the temperature response to Dirac’s pulse power input is

TDir (t) = δ (t)

h
+ 1

λ

√
a

π t

(
1 + 2

∞∑
n=1

βne− l2n2
at

)
. (16)

For the purpose of numerical evaluation, we express the temperature function in the
form,

Th (ti ) = q (ti )

h
+ G (ti , a)

λ
, (17)

where

G (ti , a) = 	t

√
a

π

i∑
j=1

q
(
ti − t j

)
√

t j

(
1 + 2
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n=1

βne
− l2n2

at j

)
, (18)

q is computed from the measured heat source resistivity response [ti , ri ] and 	t =
ti+1 − ti for equispaced sampling. As the temperature difference between the heat
source and specimen surface is small and the change of the heat current density during
the experiment is also small, we can consider the first term in Eq. 17 to be constant.
Then the predicted values of the heat source resistance can be determined using Eqs. 6
and 17,

r (ti ) = R0

(
1 + α

λ
G (ti , a)

)
, (19)

123



Int J Thermophys (2009) 30:608–618 613

and fitted to measured points [ti , ri ] as described in Sect. 2. Since the function G is a
corrected version of the function F and the parameters are the same, the sensitivity
coefficients will be similar and the fitting will be successful.

4 Experiment

The heat source is fabricated from nickel foil 20 µm thick covered on both sides with
a 25 µm Kapton layer. The diameter of the heat source is 30 mm, the electrical resis-
tance is about 1
, and the temperature coefficient of resistivity is 0.0047 K−1. The
time dependence of the heat source resistance was recorded by means of an electri-
cal circuit as shown in Fig. 2. The electrical current and the voltage across the heat
source were measured using a constant-power resistor (R1 = 1 
) and a multichannel
computer plug-in card (PCL 816, Advantech). The electrical noise was suppressed by
capacitors and numerical averaging.

The measurements were performed on PMMA (polymethylmetacrylate) samples,
30 mm in diameter and 2.97 mm in thickness. The electrical current in the heat source
was set to values from 0.2 A to 0.8 A. Each temperature response was recorded for
300 points corresponding to 100 s at a temperature of 23 ◦C. The measurements were
made in air and in vacuum of approximately 10 Pa. The thermal contact between the
individual parts of the specimen set was improved by silicon oil.

5 Results and Discussion

Figures 3, 4, 5, and 6 illustrate the evaluation of the measurements made in vacuum
with a heating current of 0.4 A using a constant-power model, Eq. 7. The difference
analysis results are shown in Fig. 3, where the characteristic time of the heat source is
estimated as �h ≈ 10 s to 15 s. Estimates of the parameters can be determined from
plateaus or by standard analysis [10,11] as shown in Fig. 4. The first 15 s are disre-
garded, and the size of the interval is successively increased. The results are more
stable, and parameter estimates can easily be obtained.

CH 0 

1R

P
C

L
 8

16
 

Constant
current supply Heat

source

CH 1 

Fig. 2 Experimental circuit diagram
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Fig. 3 Difference analysis—thermal conductivity λ and diffusivity a as a function of the time window
(tB, tB + tS) , tS = 25 s
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Fig. 4 Standard analysis—thermal conductivity λ and diffusivity a as a function of the time window
(tB, tB + tS) , tB = 15 s
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Fig. 5 Time dependence of residuals
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Fig. 6 Predicted r(t) and measured ri values at the start of the experiment
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Fig. 7 Thermal conductivity computed by the constant-current (+) and constant-power (×) models

Once we have the thermophysical parameter estimates, we can verify the fitting
procedure and estimation of �h by plotting residuals [12] against time as shown in
Fig. 5. The random component of the resistance measurement uncertainty (noise) can
be evaluated from the variance of the residuals u(R) = 5 µ
 corresponding to a heat
source temperature of 1 mK. Figure 6 shows the discrepancy between the model r(t)
and measurements ri for times less then 10 s. The difference between the extrapolated
values R0 − r0 = 0.79 m
 corresponds to a temperature difference between the heat
source and specimen of 0.14 K in Eq. 1.

The surface effect was investigated by measurements in air (∼100 kPa) and in
vacuum (∼10 Pa). The measurement with a heating current of 0.4 A was repeated
five times and evaluated as described above. The instrument and specimens were dis-
assembled and reassembled before each measurement. Table 1 presents a statistical
evaluation of the measurement of the thermophysical parameters, where s (x̄) is the
experimental standard deviation of the mean x̄ . We used the standard t-test [13] at a
significance level of 0.05 to demonstrate that heat losses into air influence the thermal
conductivity but not the thermal diffusivity measurement. The standard uncertainty
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Table 1 Comparison of the measurements on PMMA in air and in vacuum

Surrounding λ̄

(W·m−1·K−1)

s
(
λ̄
)

(W·m−1·K−1)

ā×106

(m2·s−1)

s(ā)×106

(m2·s−1)

Air 0.195 0.0018 0.120 0.0015
Vacuum 0.187 0.0023 0.118 0.0015

0.118 

0.115 

0.112 
0        0.2 0.4            0.6 

126 sm,10 −⋅×a

22 A,I

Fig. 8 Thermal diffusivity computed by the constant-current (+) and constant-power (×) models

associated with the measurement repeatability was estimated to be less then 1 % for
all results presented in Table 1.

The current effect was studied by comparing the results of evaluation from the
constant-power model of Eq. 7 to the results of the constant-current model, Eq. 19.
Figures 7 and 8 show estimates of the thermophysical parameters as a function of
the heating current, measured in vacuum. When a constant-power model is used, both
thermophysical parameters, λ and a, show a strong dependence on the heating cur-
rent. On the contrary, the results obtained using the constant-current model are stable
and independent of the heating current. This shows that the latter model describes the
experiment better. In addition, the results of both models correspond very well for low
values of the heating current. Here it should be mentioned that a small heating current
causes a small temperature change and consequently a large error in the estimation
of the thermophysical parameters [11]. So the optimal heating current range, where
the results of both models agree the best, is from 0.3 A to 0.4 A. This can also be
demonstrated by a plot of the relative differences (Fig. 9), defined by the formula,

	x

x
= xC − xP

xC
, (20)

where xC and xP are the parameter values computed by the constant-current and con-
stant-power models, respectively.
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Fig. 9 Relative differences of the parameters λ(�) and a (•) versus the heating current

6 Summary

Three effects and two models of the EDPS method were analyzed and applied to mea-
surements performed with a constant current. The source effect was solved using a
constant-power model which resulted in fitting three parameters. One of the parame-
ters R0 corresponds to a temperature drop on the thermal contact resistance. The fitting
gave very small residual variances for times larger than the characteristic time of the
heat source �h.

The surface effect was eliminated by a surrounding vacuum, which caused a
decrease of about 4 % in thermal conductivity but a negligible change in the ther-
mal diffusivity. This can be explained by heat losses from the lateral sides of the
specimen and heat source.

The current effect was minimized using a constant-current model corresponding to
the real experimental arrangement. We came to the conclusion that application of the
constant-power model for measurements with a current of 0.3 A or 0.4 A can cause an
error of about 1 %. The better solution is to measure with several values of the heating
current and make the extrapolation to zero power, as seen in Fig. 9.

Measurements on PMMA in vacuum were evaluated using the constant-current
model and provided results of λ = 0.191 W·m−1 ·K−1 and a = 0.118×10−6 m2 ·s−1,
which are in good agreement with published values [14], although the materials were
not exactly identical. Considering the improvements presented here and the uncer-
tainty assessment in [7], we can estimate the total standard uncertainty at 1.5 % for
both thermophysical properties.

We can conclude that the described method can be safely used for materials with
thermal conductivities in the range from 0.1 W·m−1 ·K−1 to 2 W·m−1 ·K−1. Materials
with lower values of thermal conductivity will need a more in-depth analysis of heat
losses, and materials with higher values should be measured with the DPS method.
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